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. ABSTRACT. We consider the system of linear partial differential equations
eA"ugi + B’ug + Cu€ = f where AY, B are symmetric m X m macrices and — C
is a sufficiently large positive definite matrix. We prove that under suitable
conditions “u‘ - u P evelifl 1 Vhere uis the solution of a suitable

boundary value problem for the system Biui +Cu=f
1. Introduction. This paper is concerned with the linear differential operator

(1.1) Lu= eAijul.j + By, + Cu={

for 0< €< ey, where AT , Bi, C are m x m matrix valued functions defined on a
compact domain N in R", whose boundary W is of class C™. The operator acts
on vector-valued functions likewise defined on M and subject to homogeneous
boundary conditions. We assume A", Bi, C are symmetric or symmetrizable in
the sense of [10]. We wish to compare the solution , of (1.1) with the solution

€
v of the reduced problem

(1.2) Bv,+ Cu=].

Our purpose is to find the rate of convergence of u to v for € -—0 i.e. to derive
bounds of the form ||z, — v|| <CVE|/|l,, where | - |, || - Il are suitable norms.
Recently S. V. SivaSinskii [14], C. Bardos, D. and H. Brezis [2] considered the
question of strong convergence of u, to v for similar operators. The problem of
deriving bounds on the rate of convergence of singular perturbations for elliptic
and parabolic equations was treated by Greenlee [5], Friedman [3], the authors
[12] and others. In [5] and [3] a single elliptic or parabolic equation of higher
order degenerates into a lower order elliptic or parabolic equation and the rate of
convergence of u,to v is obtained. In [12] we considered the case of a single
second order equation with nonnegative characteristic form that degenerates into
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a first order equation. The methods developed in [12] are used here for systems
of equations. The asymptotic nature of the solution as € — 0 was thoroughly
investigated by Vishik and Liusternik [15], Oleinik [13] and others. Equation
(1.1) is frequently used as an *‘elliptic regularization’’ of (1.2), e.g. by Kohn and
Nirenberg [7], [8] and many other authors. They prove weak convergence in a

suitable space of some sequence

convergence and its rate are not disgussed. The problem of determining the
boundary conditions satisfied by the limit function v was discussed by Levinson
[11], Ladyzhenskaya [9], Kamenomostskaya [6], Siva%inskii [14], Bardos and
Brezis [2], the authors [12] and others. It is worthwhile to note that no maximum
peinciple holds for the problem under consideration, ualike the situation in [6],
[8], [9], [11], [12], [13). We wish to thank A. Friedman and H. Brezis for bringing
the problem to our attention, and to C. Bardos for considerably simplifying the
proof of our last theorem.

to a solution v of (1.2). However, strong

2. Preliminary results and notation. Let J be a compact domain in R” as
above and let x = (xl, e+e, x™) represent the coordinates. We use subscripts to
denote differentiation, and also use the summation convention. The coefficients
are real and of class C* inm, the closurg of M. We use v/ to denote the jth
component of the unit exterior normal at M. The boundary matrix B, (x) is defined
by

n P
BU= Z B’V’l
i=1

We make the following assumptions.
(a) There exists a positive constant a such that for any & € R”, |€| = 1, and
any 7€ R™

@.1) (Afigigin, n) > alnl.

Here (, ) denotes the scalar product in the relevant Euclidean space, | + | denotes
the Euclidean norm.

We assume that the boundary il consists of two disjoint parts 21 and 22
such that

(b) The boundary matrix B, is negative definite on 21 and positive definite
on 2, i.e. there exists a positive constant B such that for any n € R™

2.2) -B,m > Bl on 2,

.2") (B 7) > Blnl? on 3,



SYSTEMS OF LINEAR PARTIAL DIFFERENTIAL EQUATIONS 337

(c) The matrix - C is sufficiently large positive definite, i.e. there exists a
sufficiently large positive constant y (independent of €) such that, for any n € R™,
- (Cn, M > 2yln|%. e use

(us v) = f, (u, v)aV, (u, v)i = fl (uy )ds,  |ul| = (s u),

where dV and ds are the volume elements on M and Jil respectively. Similarly,
||u||‘,: denotes the norm of u(x) in (H¥Q)™ for any subdomain Q C M (cf. [1]).

If conditions (a), (b), (c) are satisfied then it can be shown (cf. [1, Lemma
2.1]) that there exists € such that for all €, >e> 0(- Lou,u)> )2 for all
u € (C™(N)™ satisfying z = 0 on 2, and 0u/dv=0o0n 2. It follows [7] that for
any f € (LZOR))"’ the mixed boundary value problem

Lu=f inll (e>0),
2.3) 0u/dv=0 on 21,

u=0 on 22’

has a unique solution u € (H>(N))™, satisfying the boundary conditions in the
strong sense [1] and y|lu| < Ifll. ¥ f € (H*QM))™ then u € (H*200)™ & > 1)
Following [8] we introduce local coordinates near M: Let - y denote the distance
from the boundary; on the surfaces y = const, we use x'= (xl, oo, x"'l) as
local coordinates, taking x™ = y after a change of coordinates. In such coordi-
nates (x', y) we denote the leading coefficients of L, by €A for iyj=1,0¢°,

n - 1; otherwise we set A”” = A, 2A™ = A* for i £'n, and B™ = B, so that L,
takes the form

(2.4) Lu=eAu, +Bu + eAiuiy + eAijuii + Biu‘. + Cu.

Here summation over i, j extends from1 to » — 1; the subscripts i, j, y denote
differentiation with respect to xi, xi, i, j<n,and y. To be more precise, let
% € M and let y = ¢(x) be the distance of a point x, in a neighborhood of x, to
M so that ¢(x)< 0 in m, and ¢(x) > 0 outside M. We have ¢ = 0 on MM and
V() # 05 setting €' = x°, i <n, £" = y = $(x) we have, locally, the following
formulas for the coefficients of L :

A= Aligigi G j=1,..,0),

Ai=2Aij¢i G=1yeeeym i=lyeee,n=1),

B= eAiigbi]. +B'g,  Gyj=1,00eym)

Note that B is positive definite near 22 and negative definite near 21 ifeis
sufficiently small.



338 A. LIVNE AND Z. SCHUSS

3. A priori estimates.
Lemma 3.1. Assume (a), (b), (c) hold; let { € (H 1)Y™, and u=u (x) be the
solution of (2.3). Then there exist neighborboods )Il and (1’ of 2 (m JII) such

that 31'( C (f » and constants c (independent of €, y) and K (mdependent of €)
such tbat

172y X2 @ a
y P lull ) < ellell )2 + KIF 2

Proof. The boundary 22 may be covered by a finite number, say &, of small
neighborhoods U, each of which may be described in terms of our local coordi-
nates by

lxi-xm(d (i=1y0c0yn=1), 05—)’<dy

for a small constant d. These neighborhoods may be chosen in such a way that
any one of the enlarged regions

U;:'xi—x3|<2d (i=l""afl"l), 0_<_-)'<24»

intersects at most 3”7 ! of the other U]. We may assume that, for d suitably
small, the changes from coordinates on U].' to coordinates on any one of the
other U; have Jacobians >1/2 on U].' N U;. We define

Su, &-0u
= ]91 P 2 ,91 it
Using local coordinates in each U, we define (cf. [8])
n-1
(3.1) K= miax fU. IZI Iuilde.
] =

@,-X
All terms which are bounded by ¢:“u||l2 L K||/||(liz will be denoted by H 172
where c denotes any constant independent of ¢, y and K is any constant indepen-
dent of e. Our aim is to show that

(3.2) k< H.

Let U, U’ be the neighborhoods where the maximum in (3.1) is achieved. We
start by showing that ( ||uyl|,2)2 < ck + H. Let { be a nonnegative function in
C™ ) such that (i) ¢ =1 in U, (ii) ¢ is independent of y in U'N{0< -y < d},
(iii) ¢ = 0 outside U’, and (iv)

(3.3) Mi‘ <c/d.
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Ve take the scalar product of (2.4) with ézu to obtain

(3.4) elAu s » (P )+ (Blu s Lu )=-Z L.

i=0 !

Clearly
3:5) gl = Cu N <Hulldu )2 11| = (Cus Su ) < H

where p is a small constant.

We have used here the estimate yllu| < |If] and inuegtation by parts. Now
let U}, U be any two neighborhoods such that U; N U # 3. Next, let
(xl,eee, x"'l) and (£1,++, " 1) be local tangennal coordmates in U and U
respectively. If P is any point in U ;N uU; ; then

ouP) nl . u(P> au(P)
= i (p) %)

where J(P) is the Jacobian matrix at P. We can choose d sufficiently small so
that J”’(P) is small. Thus, for any p'> 0, d is chosen so small that

2 <) [ B |2
7

' |u |2 dv.

n-l

fuos %

dV5
(3.6)

U
te unu

Next we define U"=U' N (@, - U). Then, using (3.6), we find that for p, p’
sufficiently small

1)) = B (P ) < e 17 4 0 197 + e
6.7y 1= eAu,
= °€(Auu i C Ily,)" ‘(AUC" ;9 guy) 26(14"( U cll ) = ',l + ]2 + ]3'

], may be estimated as in (3.5).
Next, we estimate |,

[yl = %el AP )] < oxv H v (e |V,
Next, to estimate |, we use (3.3) and get

U3| < Il"Cuyﬂz +(€clp)/d? + u')((lluy“ u")z + c(pk + H).
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Finally

. ) .
B8) 1] = elfAlu, » Cu ) = Yel (@D a0 u )l < (ce/D|CY 2u |2,
Regarding the left-hand side of (3.4) we have

3.9 e(Auyr Cu) > Ye(Blu s Gu ). = elclCu 1 + 1)

where the first term on the right-hand side is nonnegative. Now, since B is
positive definite in 32 we have, upon using (3.4), (3.5), (3.8), and (3.9),
(3.10) Uu U2 < G + p+ Dl |VY 4 cx + .

Ve can replace U by any U; in (3.10); hence, summing over j, we get

R 2 < @+ p+ el M7 4 cx + .

Now, if p, p', € are sufficiently small (u, p' independent of €) we get

(3.41) ("2 < cx + B
We shall proceed to show that
(3.12) yk < c(ﬂuy“’z)z + H.

Then, using (3.11) and (3.12) we get « < H, if y is sufficientiy large (independent
of ¢); the assertion of the lemma follows. Keeping the same notations, consider
2 _ 2
(L, « "i)i>—</’ «¢ u,.)].). We have
(3.13) - (C(u " Cu) > 2yK.

Integration by parts and the nonnegatxvny of — (L u, u) disposes of terms con-
taining four derivatives, e.g. (4’ 1t e S ) Regardmg terms containing three
derivatives, e.g. [ = (B’ (Czu 2 ), we have

I= -(B .{u., é'u) - (B'Cu.., Clli) = ]1 + ]2’

I, is estimated by (3.13), while J, = %(BZu {u )+ (B'(u i ( P ) The first
summand is estimated by (3.13) and the second by ex + (Ilu || . Hence, using
(3.13), we get (3.12).

Lemma 3.2. If the conditions of Lemma 3.1 are satisfied then there exist
neighborboods m and @ vof 2 (in M) such that m C G and such that

x &,-% e
(3.14) Nall* < ellally* 7+ Kl N,
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Proof. Let U; be a local coordinate neighborhood of a point in Z, as above.
Proceeding as in the proof of the previous lemma we get the estimates (3.10),
(3.11), (3.13), (3.14). Next, we estimate ],

Iy == (AT Gy = - AT Gy + HUAED) s )

< C'I( +H¢ u'(ll{uy]ld')z

since the boundary term is nonpositive. Multiplying (3.11) by ~ 1 and noting that
for any 7 € R™, —(B, n) > %BlIn|? in @, we see that for ¢, p, p' sufficiently
small we get

G.15) (lu )2 < ox + B

The analogue of (3.12),

(3.16) yk < r:(lluy“ll)2 +H,
is obtained in a similar way,

Theorem 3.1. Assume (a), (b), (c) hold. Let [ € (H*M)™ and u be the
solution of (2.3). Then there exists a constant c, independent of €, such that

(3.17) laly < elrlly
if y is sufficiently large (independent of €).

Proof. Set T(i = {x € M| dise(x, Ei)< d/2} (i=1,2). Notice that J'(‘. C mi
(i =1, 2). Ve define

Q-F-M -n, o-%-n-7n,

Let { be a smooth function defined on M such that ¢ =1 on @, ¢ = 0 outside Q'.
In view of Lemmas 3.1, 3.2 it suffices to show that

’
(3.18) Y20l < el @2 4 KU1,

This estimate is established by arguments similar to the ones used in the proof
of the previous lemmas. To be more specific consider

(L u)),) = (1(E%0,),)

(in the usual Cartesian coordinate system). Integration by parts gives an estimate
of the left-hand side by the norms of #,{ » but since {, = 0 in Q we get (3.18).



342 A. LIVNE AND Z. SCHUSS

4. Singular perturbations. Let u, be the solution of the first order system

B'u,+Cu={ in N,
4.1
u=0 on X,

It is well known [7], [10] that such a solution exists, u, € (H! ()™ if f € (H (M)
and “u0“1 < c"/"l. The main result of this paper is

Theorem 4.1. Assume conditions (a), (b), (c) hold. Let € (H'ON)™, then
the solutions {uef of (2.3) converge in (LZGK))"’ to uy, and

4.2) llaeg = 2ol < cVellf 15
where c is a constant independent of e.

Proof. Denote by A the operator -4/ D in (Lz(m))m = H whose domain D(A)

is the closure of the set {v € (C2(M)™ |v =0 on 2, dv/dv = 0 on 21¥ in (H2(M))™.
Similarly, let B be the operator —(B'D, + C) in (L,0N))” whose domain D(B) is

the closure of the set {v € (Clﬁ))"' lv = Oon 221 in (H!O))™. Then [2]
Aug € (H='M))™. Therefore

(4.3) GA(uc- uo) + B(ue - uo) = —eAuo.

Now we take the scalar product of (4.3) with u, - u, in H '. Since the operator B
is strictly positive we get

N, = 2 < ecllugl B, - wl, < el 12

by Theorem 3.1. Thus Theorem 4.1 is proved.

Remark. The boundary conditions in (4.1) are very restrictive. They follow
from the restrictive conditions (2.2), (2.2"). It would be desirable to replace them
by the usual conditions of [4]. The question of strong convergence of u, to u
was settled in [2] and [14] for a wide class of boundary conditions, but the rate
of convergence is still unknown.
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